Market competition may lead to mismatch between supply and demand. That is, overpricing may give rise to underselling, and underpricing may yield stockout. Capacity sharing is a common practice to align excessive capacity with excessive demand. Yet the strategic interaction between competition and capacity sharing has not been adequately addressed. In this paper we investigate optimal strategies and firm profitability of capacity sharing between competing firms under both ex ante and ex post contracting, depending on whether the capacity sharing price is determined before or after price setting in the buyer market. We show that, with symmetric capacity, committing to an overly high capacity sharing price may not necessarily improve firm payoffs. Capacity sharing softens price competition under either contracting scheme, whereas the optimal capacity transfer price and equilibrium profits may be non-monotonically influenced by buyer loyalty. The equilibrium outcome under ex ante contracting is more sensitive to variations in market parameters than ex post contracting. As a result, ex ante contracting is more likely to be preferred when the endowed capacity is low or buyer loyalty is high. However, when firms' capacity is asymmetric, capacity sharing may intensify equilibrium competition and hurt firm profitability through reversing the firms' relative pricing aggressiveness.
Introduction
Mismatch between supply and demand is a prevalent problem in many markets. A major airline may overprice and undersell its abundant capacity, whereas a small airline may adopt a low-price strategy and attract consumers that cannot be served by its limited seats. One common practice to solve this type of mismatch problem is to trade flight capacity among competing airlines through so-called code-sharing clauses (Wassmer et al. 2010 , Hu et al. 2013 ). Under such arrangements, underpriced airlines can borrow overpriced airlines' excessive capacity. Similarly, inventory trade among retailers is prevalent in numerous markets such as automobiles, apparels, computers, furniture, information technology products, shoes, sporting goods, and toys (Comez et al. 2012 ). Such practice of competitive capacity sharing can be seen in many other settings (e.g., automotive spare parts, car rentals, hotels, telecommunication, trucking service). For instance, in the maritime shipping market, shipping forwarders may purchase capacity from each other to better match supply with demand (Li and Zhang 2015) . Another remarkable example is the emergence of online matching and trading platform (e.g., www.hotel-overbooking.com) where overbooking hotels can purchase rooms from, and relocate their guests to, (nearby) underselling hotels.
Capacity sharing is also becoming more common in the manufacturing sector. Competing firms can establish joint ventures in production facilities and trade their capacity according to mutually agreed contract terms. Fiat and PSA equally share the production capacity under the alliance Sevel-Nord, and have the option to trade each other's capacity when they sell the vehicle through their respective brands and distribution networks (Bidault and Schweinsberg 1996, Jolly 1997 ). DuPont and Honeywell jointly operate a world-scale factory to manufacture automotive refrigerants that they market and sell separately (Honeywell 2010 ). Samsung and Sony, fierce rivals in the LCD-TV market, established a joint venture S-LCD to produce advanced and cost-effective LCD panels in their supply chain (Ihlwan 2006) . Other examples include the joint production of electric cars between BMW and PSA Peugeot Citroen (Eisenstein 2011) . Competitors may share existing capacity without formal joint venture as well. For instance, starting in 2015, Mazda's new Mexican assembly plant is planned to produce not only its automobile models but also a subcompact vehicle for Toyota (Reuters 2012 , Apostolides 2014 ).
Some important questions on capacity sharing remain inadequately addressed. First, it is not clear when competing firms should determine the price of sharing capacity. Should they formally contract on the terms of capacity sharing before the need for sharing arises, or should they postpone the agreement until the emergence of capacity stockout? In many markets the mismatch problem between capacity and demand is temporary and determined by firms' short-term marketing decisions (e.g., pricing). That is, depending on the outcome of competitive interaction, a firm may overprice and hence become the potential capacity lender, or underprice to become the potential borrower. As a result, ex post contracting after demand realization has the advantage of flexibility in adjusting the price of capacity. On the other hand, ex ante contracting and pre-commitment may influence subsequent market interaction and thus may be pursued for strategic consideration.
Second, what capacity sharing price should be set if firms adopt the ex ante contracting approach? If the committed capacity sharing price is too low, a firm may regret when it turns out to lose the market competition and thus has residual capacity. Conversely, overly high capacity sharing prices may reduce not only the gain of capacity buyers, but also may backfire on capacity lenders by decreasing the demand for capacity.
Third, would capacity sharing soften or intensify price competition between the firms? Selling excessive capacity can reduce the opportunity cost of overpricing, thus mitigating price cut incentive. On the other hand, purchasing residual capacity from competitors can overcome own capacity constraint, thus increasing underpricing tendency to pursue buyers. Therefore, it does not follow immediately how capacity sharing may influence competitive interaction. Moreover, this strategic consideration may influence not only firms' capacity sharing strategies (i.e., when and what capacity sharing price to set), but also the overall profitability of capacity sharing (i.e., whether to adopt or abandon capacity sharing at all).
Fourth, how do market characteristics affect the strategies and profitability of capacity sharing? For example, as buyer loyalty increases, should firms agree on a higher or lower capacity transfer price? Does it become more profitable to adopt the ex ante or the ex post contracting approach, or else the no sharing strategy? Similarly, what would be the impacts of firms' endowed capacity and of firm asymmetry?
We tackle these issues in this paper. We study capacity sharing between two firms that engage in price competition. Each firm has some fixed demand from loyal buyers, and seeks to undercut the rival to compete for the switching buyers. Overpricing can lead to excessive capacity, whereas underpricing may yield excessive demand. We consider two alternative schemes on the timing of capacity price setting, and compare them with the benchmark without capacity sharing. In the ex ante contracting scheme the firms agree upon the capacity sharing price before they compete in the buyer market. The sequence of moves is reversed in the ex post contracting scheme. We fully derive the firms' equilibrium strategies under each scheme, and compare the ex ante profits to determine which one should be preferred. Moreover, we consider both the symmetric capacity scenario under which each firm can ex post become the capacity lender or the borrower, and the asymmetric capacity scenario under which only one firm may be constrained by own capacity.
Interesting results emerge from our analysis. Under symmetric capacity the firms should commit to a sufficiently high capacity price that maximizes the probability of capacity sharing, i.e., equal to the anticipated lowest price in the mixed strategy equilibrium of market competition. Because of the efficiency gain from matching supply with demand, capacity sharing softens competition and improves firm profitability in either contracting scheme. Nevertheless, due to the commitment effect, the equilibrium capacity price and market competition under ex ante contracting are more sensitive to changes in market parameters. Equilibrium profit is hence higher under ex ante contracting than under ex post contracting when the endowed capacity is low or buyer loyalty is high.
Under asymmetric capacity the firm with excessive capacity continues to balance between the margin and the probability of capacity sharing, whereas the firm with capacity constraint prefers to commit to a sufficiently low capacity price. Capacity sharing between asymmetric firms makes the firm without capacity constraint less price aggressive, but the firm with capacity constraint more eager for price cut. This means that the relative pricing aggressiveness between the firms can be reversed in comparison to that without capacity sharing. As a result, interestingly, capacity sharing can intensify equilibrium competition, and thus lead to strictly lower equilibrium profit for the firm without capacity constraint.
There is a literature on capacity sharing among firms that do not compete with each other. For example, Van Mieghem (1999) considers capacity transfer after demand realization between a manufacturer and a subcontractor that operate in distinct markets, and finds that only statedependent contracts can coordinate their ex ante capacity investments. Wu et al. (2013) and Wu et al. (2014) study optimal contracts when a subcontractor can share capacity with a manufacturer that sells to the end market. Yu et al. (2015) investigate conditions under which the cooperation of capacity sharing in queueing systems can be beneficial for a set of independent firms. This research is related to studies on efficient transfer prices in interfirm inventory transshipment. Rudi et al. (2001) and Hu et al. (2007) investigate the determination of linear transshipment prices prior to demand realization that can lead to system-optimal inventory/capacity decisions. Anupindi et al. (2001) and Granot and Sošić (2003) focus on inventory transshipment prices, in a system of independent retailers, that are specified after demand realization. Huang and Sošić (2010) compare the efficiency implications of these two alternative approaches that differ in the timing of setting the transshipment price.
Another stream of studies investigate strategic subcontracting or outscourcing of production between competitors. Spiegel (1993) shows that horizontal subcontracting between competing firms can emerge in equilibrium and lead to more efficient production allocation, if and only if their costs are convex and asymmetric. Similarly, the explanation offered by Baake et al. (1999) for cross supplies between rivals is based on the saving of fixed production costs. They show that cross-firm purchases can modify the sequence of the firms' production decisions into a Stackelberg setting (Chen 2010 ). Caldieraro (2016) finds that strategic production outcourcing can occur between an entrant and an incumbent selling differentiated products. He also shows that the firms may prefer high transfer prices to mitigate price competition. Shulman (2014) investigates the incentives of retailers to resell their authorized products to an unauthorized direct competitor, and shows that such product diversion can arise as a prisoner's dilemma.
We contribute to the literature on "co-opetition" in inter-organizational relationships, i.e., the co-existence of cooperation and competition (Brandenburger and Nalebuff 1996) . Previous studies typically adopt a hybrid approach with both cooperative and non-cooperative games (e.g., Brandenburger and Stuart 2007, Gurnani et al. 2007 ). Anupindi et al. (2001) and Granot and Sošić (2003) consider models with independent, non-cooperative inventory decisions and subsequent cooperative inventory transshipment after demand is realized. Hu et al. (2013) study cooperative negotiation of fixed proration rates for revenue-sharing airlines when the airlines can operate independent inventory control systems to maximize their respective expected revenues. This paper departs substantially from these previous studies. We consider capacity sharing between competing firms, and compare the optimal strategies and firm profitability of alternative sharing schemes. Thus our focus differs from the inventory transshipment literature in Operations Management, which generally ignores firm competition and takes the alternative perspective of system efficiency. Our findings also differ from those in the horizontal subcontracting literature in Economics and in Marketing. In particular, relative to Spiegel (1993) , Chen (2010) , Shulman (2014) , and Caldieraro (2016), we show that competitive capacity sharing can happen even between symmetric competitors. In addition, we find that capacity sharing can soften price competition under symmetric capacity but may intensify it under asymmetric capacity. Another differential feature of our setup is that the occurrence and the direction of capacity sharing is ex post determined, i.e., whether a firm will become the capacity borrower or the lender is the endogenous outcome of market competition, even when the capacity transfer price is ex ante contracted. Moreover, we adopt a non-cooperative game-theoretical approach in which firms are fully strategic in all decisions. This stands in contrast to standard models of co-opetition where cooperation is exogenously assumed.
The organization of the rest of the paper is as follows. In the next section we lay out the model assumptions. The analysis and the main insights are presented in Section 3 and 4. The last section concludes the paper. Proofs are presented in the Appendix.
The Model
Consider a market with two competing firms, A and B, selling an undifferentiated product (or service) to some potential buyers. The market can be a retailing market in which the sellers are retailers and the buyers are end consumers. Alternatively, our setting can be interpreted as B2B markets with competing manufacturers and downstream retailers/dealers. 1 The sellers compete in price to win the buyers' demand. Let the sellers' prices be p A and p B , respectively. Their costs of production/selling, both fixed and marginal, are assumed to be identical and, without loss of generality, normalized to zero.
There is a unit mass of buyers in the market. The demand for each buyer is fixed and normalized to one unit. 2 The buyers have an identical reservation value r. The buyers can be categorized into three groups. A group of buyers of size α (α < 1/2) consider buying from firm A as long as the price p A is below their reservation value, but never consider purchasing from firm B. Similarly, another group of buyers of size α consider buying only from firm B. These buyers are akin to the uninformed consumers as in Varian (1980) or the loyal consumers as in Narasimhan (1988) . The remaining buyers of size 1 − 2α are indifferent between the firms and desire to buy from the firm charging the lower price. When both firms offer the same price, we assume that half of these indifferent buyers seek to buy from firm A and the other half from firm B. Thus these buyers are akin to the informed consumers as in Varian (1980) or the switchers as in Narasimhan (1988) . In the alternative B2B interpretation, the loyal buyers can represent retailers/dealers who have signed an exclusive dealing contract with the respective seller, whereas the switchable buyers are not tied by such exclusive arrangement and can purchase from either supplier.
The firms have an endowed capacity of k A and k B units, respectively. We consider symmetric capacity in the basic model. In other words, the firms have equal capacity, i.e., k A = k B = k. We focus on the interesting case in which the firms' capacity satisfies 1/2 < k < 1 − α. There are two considerations for the first condition, k > 1/2. This condition implies that the total industrial capacity exceeds the total demand, ensuring that capacity sharing can completely solve the potential stockout problem without leaving any buyer unserved. In addition, this condition can allow us to rule out uninteresting equilibria. 3 The second condition, k < 1 − α, guarantees that 1 We are grateful for the AE for suggesting this alternative interpretation. Where no confusion arises, we will use "firms" or "sellers" to denote the upstream competitors, and "buyers" to denote the downstream consumers or retailers/dealers.
2 In a B2B setting, this assumption implies that the buyers (e.g., retailers, dealers) face inelastic demand from their respective end consumers.
3 Consider, for example, the benchmark case with symmetric capacity. If k <
(1−α) 2 2−3α , the firms are de facto local monopoly under the unique equilibrium in which both firms charge the reservation price r. If
there exist an infinite number of degenerate equilibria, including the one in which the firms always charge r without capacity constraint is not an immaterial issue in the firms' competition. 4 If instead k ≥ 1 − α, each firm's capacity is large enough to meet the demand of both its own loyal buyers and the switchers, and as a result, capacity constraint is de facto irrelevant and the model is reduced to that in Varian (1980) or Narasimhan (1988) .
Because capacity is limited, we need to specify, in case of stockout, how capacity is allocated among the buyers. We assume that, when a firm runs out of capacity to meet its demand, the randomized-rationing rule is employed in the allocation of capacity among the rationed buyers (Tirole 1988) . That is, the buyers who prefer to buy from a firm are allocated the firm's capacity with equal probability. Moreover, loyal buyers of a firm with stockout do not consider the rival firm, either because of sufficiently low preference for the other firm or due to binding exclusive contracts. However, when the switchers cannot buy from the firm they desire to buy, they can still resort to the other firm to buy the product at the higher price.
For example, consider the scenario when firm A charges a lower price than firm B does. Both firm A's loyal buyers and the switchers, a total size of 1 − α, prefer to buy from firm A. However, due to limited capacity, some of them would be rationed and cannot buy immediately from firm A. Denote the size of the rationed loyal buyers as w and that of the rationed switchers as s. The rationing probability is 1 − k/(1 − α). Therefore, the rationed loyal buyers and the rationed switchers have a size of w ≡ α (1 − k/(1 − α)) and s ≡ (1 − 2α) (1 − k/(1 − α)), respectively. Note that w + s = 1 − α − k. If there is no capacity sharing between the two firms, the rationed loyal buyers would leave the market without purchase. The rationed switchers can go to the higher-priced firm B to buy the product. It can be readily verified that k > α + s. This means that firm B's capacity is sufficient to meet the demand of both its own loyal buyers and the rationed switchers. Furthermore, we can show that firm B's leftover capacity, k − (α + s), is higher than the size of firm A's rationed loyal buyers, w. This suggests that the firms can potentially share their residual capacity to clear the residual demand of the market.
In this paper we consider voluntary capacity sharing between the competing firms. We assume that a firm with stockout can purchase the other firm's residual capacity to satisfy the demand of its rationed loyal buyers. We consider linear transfer price for capacity sharing, which is easy to implement in practice. Purchasing capacity is desirable for the stockout firm if the transfer price, denoted as λ, is lower than its profit margin. On the other hand, selling excess capacity is profitable engaging in any price cut. Similarly, if k < 1/2, under ex ante contracting, in the unique equilibrium the firms would set the capacity transfer price λ * = r and the firms would always price at p A = p B = r. 4 Note that Betrand competition under capacity constraints typically yields mixed-strategy equilibria (e.g., Tirole 1988 , page 214-215). So we would still obtain mixed-strategy equilibria even if we consider continuous demand. On the other hand, the current setup with discrete demand can substantially simplify the analysis, while generating insights that would qualitatively hold under alternative setups with continuous demand.
Stage 1:
The firms contract and commit to the capacity transfer price λ. Stage 2.1:
The firms simultaneously set their prices, p A and p B , respectively. Stage 2.2:
The higher-priced firm's loyal buyers purchase from the higher-priced firm. The switchers and the lower-priced firm's loyal buyers seek to purchase from the lower-priced firm. Stage 2.3:
If stockout occurs for the lower-priced firm, the rationed switchers resort to the higher-priced firm for purchase. Stage 2.4:
The lower-priced firm decides whether and how many units to buy from the higher-priced firm, at the per-unit transfer price λ, to meet the demand of its rationed loyal buyers. as long as the transfer price λ is positive. We assume that the determination of the transfer price λ is non-cooperative. In particular, with probability one half, each firm is assigned the opportunity to make a take-it-or-leave-it offer to the other firm (and the other firm can decide whether to accept or reject the offer). 5 This simple setup allows us to focus on the outcome of bargaining while abstracting from the bargaining process.
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We consider two capacity sharing schemes, depending on whether the capacity transfer price λ is agreed before or after the firms set their prices in the buyer market. The sequence of moves under either contracting scheme is detailed in Table 1 or Table 2 , respectively. In the ex ante contracting scheme, the firms agree and commit to the capacity transfer price λ before they engage in market competition. After the firms set their prices p A and p B and fulfil their respective demand using their own capacity, the lower-priced firm can decide whether and how much to purchase from the other firm to meet the lower-priced firm's residual demand. The sharing of capacity is exercised at the ex ante committed capacity transfer price. Alternatively, the firms can set the capacity transfer price after market competition. This second scheme is referred to as the ex post contracting scheme. In particular, the firms first set their prices p A and p B and deliver their own capacity to meet their respective demand. It is only after stockout arises that they approach each other to determine the transfer price for capacity sharing. Some discussions on the model setup are warranted. First, we assume that the firms' decisions 5 If we assume that one of the firms (e.g., the capacity lender) has a higher probability to be the offer maker, the firms would be asymmetric under ex post contracting, but still symmetric under ex ante contracting. Therefore, we intentionally assume equal chance of offer making between the firms to ensure comparability across the capacity sharing schemes. 6 Nevertheless, except for the ex ante contracting scheme under asymmetric capacity, this setup leads to the same equilibrium outcome as arising from standard negotiation processes (e.g., Nash bargaining) with symmetric bargaining power. 7 As an example of the ex post contracting scheme, hotels with overbooked reservations can now purchase rooms from other hotels through online trading platform such as www.hotel-overbooking.com.
Stage 1.1:
The firms simultaneously set their prices, p A and p B , respectively. Stage 1.2:
The higher-priced firm's loyal buyers purchase from the higher-priced firm. The switchers and the lower-priced firm's loyal buyers seek to purchase from the lower-priced firm. Stage 1.3:
If stockout occurs for the lower-priced firm, the rationed switchers resort to the higher-priced firm for purchase. Stage 2.1:
The firms agree on the capacity transfer price λ. Stage 2.2:
The lower-priced firm decides whether and how many units to buy from the higher-priced firm, at the per-unit transfer price λ, to meet the demand of its rationed loyal buyers. cannot be changed once they are made and committed. This is an inevitable assumption to differentiate dynamic games from static ones, because the model would be equivalent to a static game where all of the firms' decisions (e.g., pricing, capacity sharing) are made simultaneously in one period if it is assumed instead that ex post adjustment in decisions is allowed. For example, as long as the prices p A and p B are set, the lower-priced firm cannot subsequently raise its price and the higher-priced firm cannot reduce its price. This is the standard assumption in Betrand competition (e.g., Varian 1980 , Narasimhan 1988 , which can be justified in practice by the existence of menu/administrative costs in short-term price adjustments. Nevertheless, as is common in practice, the firms commit to their charged prices but not to the supply of sufficient capacity. That is, the firms do not have any binding responsibility to meet rationed demand.
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Second, it is important to clarify that capacity sharing is completely voluntary throughout all stages of the game. This means that, even after the capacity transfer price λ has been contracted, the capacity borrower can still freely decide whether and how many units of capacity to purchase from the capacity lender who can decide with full discretion whether to deliver the requested units.
Another assumption is that capacity transfer can happen only after the rationed switchers turn to the higher-priced firm for purchase. 9 This implies that the residual demand for the capacity borrower comes only from the rationed loyals (i.e., w). Alternatively, the inter-firm capacity transfer may take place before the rationed switchers buy from the higher-priced firm, i.e., the sequence of moves between Stage 2.3 and Stage 2.4 in Table 1 , or that between Stage 1.3 and Stage 2 in Table  2 , is reversed. Under this alternative timing the rationed switchers would stay with the lower-priced firm and the amount of shared capacity would be larger (i.e., w + s). Nevertheless, our current assumption would emerge in equilibrium when the timing between the rationed switchers' purchase and capacity transfer is endogenized. In particular, when the firms can decide whether to share their capacity before or after the rationed switchers buy from the higher-priced firm, it would be dominant for the higher-priced firm to delay the capacity transfer. As a result, given that capacity sharing is ex post voluntary, only the late-delivery timing can arise endogenously.
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In Section 4 we extend the basic model to consider asymmetric capacity. In particular, we examine the case when one firm does not have capacity constraint but the other firm does. Without loss of generality, we let firm A's capacity be sufficiently high (i.e., k A > 1−α), and firm B's capacity satisfy k B = k ∈ (1/2, 1 − α). Thus firm A can use its own capacity to completely satisfy all its potential demand from both its loyal buyers and the switchers. As a result, when firm A is the lower-priced firm, capacity sharing would be unnecessary. It is only when firm B is the lower-priced firm that the firms may mutually benefit from capacity sharing.
Symmetric Capacity
We start with the benchmark when the firms cannot share their capacity. We then analyze the case when the firms can ex ante set and commit to their capacity transfer price. In Section 3.3 we address the case when the capacity transfer price is mutually determined through ex post agreement. We then compare the ex ante and the ex post contracting schemes to investigate the firms' optimal timing to determine the capacity sharing price. We will use backward induction to solve the game. A brief summary of the main results is presented in Table 3 .
No Capacity Sharing
The firms seek to balance two conflicting incentives in price competition. First, a firm has an incentive to undercut the rival's price to compete for the switchers. At the same time a firm also wants to maintain its profitability without cutting its price too much. Following standard reasoning (Varian 1980 , Narasimhan 1988 , no pure-strategy equilibrium exists and the unique equilibrium is in mixed strategy. Let F (p) and f (p) denote the cumulative distribution function and the probability density function of the firms' symmetric pricing strategy in the mixed-strategy equilibrium, respectively. It can be shown that the equilibrium price support is continuous with p ∈ [L, r], where r is the buyers' reservation value, and L represents the lower bound and is to be Note that when a firm charges a lower price than the competitor, its sales would be equal to k units because its total demand 1 − α exceeds its capacity. Conversely, when a firm's price is higher than the rival's, it will be able to sell not only to its loyal buyers but also to the switchers who are rationed by the lower-priced firm. This means that the higher-priced firm's sales would be α + s units. As a result, a firm's expected profit of setting price p is
By the definition of the mixed-strategy equilibrium, the firms should make the same profit for all price levels in the equilibrium support. This means that the first order derivative of the expected profit with respect to p is zero. In other words, we have
Solving this differential equation by using the boundary condition F (r) = 1 leads to
The equilibrium lower bound of price support is given by L o = r(α + s)/k. This is because a firm is able to guarantee a profit of r(α + s) by setting a price equal to the buyers' reservation value r, whereas its maximum sales of undercutting the competitor can only be k units. Moreover, the firms' equilibrium profit is Π o = r(α + s), where s represents the size of the rationed switchers. This proposition presents the impacts of the size of loyal buyers and the firms' capacity on the equilibrium profit. Surprisingly, the firms do not necessarily benefit from an increase in the number of loyal buyers. This result stands in sharp contrast to that in conventional models of price competition without capacity constraint (e.g., Varian 1980 , Narasimhan 1988 ). In the standard models the higher-priced firm can sell only to its loyal buyers such that a higher α always increases profitability. However, here the higher-priced firm can also sell to the switchers who prefer to, but could not, buy from the lower-priced firm. Recall that the size of the rationed switchers is given
It is evident that a higher α decreases not only the base size of the switchers but also the rationing probability. These two negative effects can reinforce each other. That is, the negative impact of α on the size of the rationed switchers through reducing the rationing probability is larger as the size of the switchers increases, and vice versa. Therefore, the adverse effect of α on the rationed switchers is convex. In addition, when α is sufficiently low, increasing α has a more significant effect on s than on the size of the loyal buyers. When α becomes sufficiently high, its impact on s would loom smaller and an increasing α would lead to a higher equilibrium profit. This explains why the overall impact of α on the equilibrium profit is non-monotonic and exhibits an interesting "U" shape.
On the contrary, a higher capacity always decreases the firms' equilibrium profit. Intuitively, larger capacity decreases the probability that the buyers are rationed by the lower-priced firm. As a result, the firms' guaranteed profit of charging r is reduced, and so is the equilibrium profit.
The impacts on the lower bound of price support, L o = Π o /k = r(α + s)/k, are similar. In particular, the lowest equilibrium price decreases with α if α ≤ 1 − √ k and increases with α if α ≥ 1 − √ k, whereas the lower bound always becomes lower as k increases. This suggests that, interestingly, price competition can become more intense as the firms have more loyal buyers. Again this is driven by demand switching between the firms caused by capacity rationing. This is in contrast to the traditional result, when capacity constraint is absent, that price competition is always less intense with more loyal buyers (e.g., Varian 1980 , Narasimhan 1988 ).
Ex Ante Contracting
The sequence of moves under the ex ante contracting scheme is presented in Table 1 . The firms reach agreement on the capacity transfer price before they engage in price competition in the buyer market. We will start with the second stage of the game to solve for the firms' equilibrium pricing decisions, conditional on the capacity transfer price λ. We will then investigate what capacity transfer price would arise in equilibrium in the first stage, taking into account how the transfer price may influence the subsequent price competition.
Stage 2: Price Competition
Let p h and p l be the firms' prices charged to the buyers in the second stage, where p h > p l . Similarly, denote the profits of the higher-priced firm and the lower-priced firm in the second stage as π h and π l , respectively. Consider first the lower-priced firm's decision about whether and how much residual capacity to purchase from the higher-priced firm. It is straightforward that the lower-priced firm would buy w units of capacity if and only if its profit margin is higher than the agreed capacity transfer price. Therefore, if p l > λ, capacity sharing does take place ex post and the firms' profits are π h = p h (α + s) + λw and π l = p l k + (p l − λ)w, respectively. The higher-priced firm can sell not only to its loyal buyers and the rationed switchers, but also has leftover capacity to lend to the lower-priced firm to fulfil the demand of the lower-priced firm's rationed loyal buyers. However, if p l < λ, borrowing capacity from the competitor would be too costly to satisfy the residual demand of the lower-priced firm. So capacity sharing does not arise ex post and the rationed loyal buyers will remain unserved. The firms' profits would then be π h = p h (α + s) and π l = p l k, respectively. Similar to the benchmark case, the unique equilibrium for the price competition game is in mixed strategy and the price support is continuous between r and some lower bound L. Given the symmetry of the setup, the firms have the same equilibrium profit in the second stage of the game, Π(λ), conditional on the capacity transfer price. Because of the possibility of no ex post capacity sharing, there are two possible cases to consider, depending on whether the equilibrium lower bound of price support, L, is higher or lower than the committed capacity transfer price λ.
We start with the first possible case, L ≥ λ, in which the firms' lowest equilibrium price is always higher than the capacity price and hence capacity sharing always arises. In anticipation of this, the firms' expected profit of setting price p is
The two terms in the right-hand side of the above equation are the anticipated profits when the firm turns out to be the ex post higher-priced firm or the lower-priced firm, respectively. The equilibrium pricing strategy F (p) can be solved by applying the conditions for the mixed-strategy equilibrium: π (p) = 0 and F (r) = 1.
Let us then consider the alternative case, L ≤ λ, in which the firms' lowest equilibrium price can be lower than the capacity transfer price and hence the firms may not always trade their capacity. In this case the firms' expected profit depends on whether the charged price is higher or lower than λ. To proceed, let the cumulative distribution function of the firms' symmetric pricing strategy be
and the corresponding probability density function be
The firms' expected profit by setting the price p with p ≥ λ is:
where the first term in the right-hand side represents the case when the rival's price is so low to make capacity sharing unprofitable, and the second and the third terms are the anticipated profits when capacity sharing is profitable and the firm is the capacity lender or the borrower, respectively. Similarly, we can solve for the equilibrium pricing strategy F 2 (p) by applying the conditions π (p) = 0 and F 2 (r) = 1.
When a firm sets the price p with p ≤ λ, there would not be ex post capacity sharing, and its expected profit would be:
Again we can apply the equilibrium conditions π (p) = 0 and F 1 (λ) = F 2 (λ) to solve for the equilibrium pricing strategy F 1 (p). The equilibrium lower bound of price support can then be derived by applying the condition F 1 (L) = 0.
Proposition 2 In the second-stage price competition under the ex ante contracting scheme:
, the lower bound of the equilibrium price support L a ≥ λ, and the firms' equilibrium profit Π(λ) = r(α + s) + λw increases in λ;
, the lower bound of the equilibrium price support L a ≤ λ, and the firms' equilibrium profit Π(λ) = r(α + s) + (α+s)(r−λ)w k−α−s−w decreases in λ.
Unsurprisingly, capacity sharing can increase the firms' equilibrium profit by satisfying the residual demand of the rationed loyal buyers, i.e., Π(λ) > Π o for any λ ∈ (0, r). However, the firms do not necessarily benefit from an increase in the capacity transfer price λ. As Proposition 2 shows, a higher λ first increases and then decreases the firms' equilibrium second-stage profit. This non-monotonic impact is driven by two offsetting forces that the transfer price exerts on the firms' equilibrium profit. On one hand, a higher λ means an increasing revenue of lending capacity to the competitor if the firm turns out to charge a higher price than the competitor does. This would then increase the guaranteed profit of charging the price equal to the reservation value r. On the other hand, a higher λ would decrease the likelihood of ex post capacity sharing, because the lower-priced firm may find that capacity sharing is too costly to be profitable. Therefore, as Proposition 2 (i) indicates, when λ is sufficiently low and always below the lowest equilibrium price, a higher capacity transfer price always improves the firms' profitability. Conversely, as part (ii) of the proposition demonstrates, when λ becomes sufficiently high, the firms' equilibrium profit would decrease with a higher capacity transfer price.
It can also be readily shown that a higher λ first increases and then decreases the equilibrium lower bound of price support. This means that the capacity sharing price can exert an "inverted-U" influence on the intensity of price competition. The driving force for this result is the same as that for the above-discussed non-monotonic impact on the firms' profitability. Under the mixed-strategy equilibrium, the lower bound of price support is determined by the guaranteed payoff of charging the highest possible price r, such that a higher (lower) ensured profit mitigates (enhances) the firms' incentive to cut their market prices.
Stage 1: Contracting Over Capacity Transfer Price
We now investigate the equilibrium capacity transfer price that the firms may agree with in the first stage. Note that, for any λ, both firms have the same equilibrium profit in the second stage of the game, Π(λ). As a result, no matter which firm has the chance to make a take-it-or-leave-it offer to the other firm, it will propose λ to maximize Π(λ). It then follows from Proposition 2 that the equilibrium capacity sharing price is such that the lower bound of price support in the second-stage equilibrium equals this capacity sharing price. As a result, under the equilibrium capacity price, the firms ensure that capacity sharing would happen with probability one.
Proposition 3 Under the ex ante contracting scheme, the equilibrium capacity transfer price equals the lower bound of equilibrium price support, i.e., λ * = L a = r(α+s) k−w
. λ * first decreases and then increases in α, and λ * decreases in k.
This proposition sheds light on how competing firms should ex ante set their capacity sharing price. It suggests that the firms should seek to increase the price of capacity transfer while maximizing the chance that the capacity price is not too high relative to the lowest price of the firms. In other words, the optimal capacity transfer price should be equal to the anticipated lower bound of equilibrium price. The lower bound of price support is influenced by the intensity of price competition in the market. As we have shown in the benchmark, in our setup with limited capacity, price competition will become more intensified and the firms' profitability will be hurt, as the size of loyal buyers becomes neither sufficiently small nor sufficiently large, or as the firms' endowed capacity increases. Therefore, the number of loyal buyers should have a "U-shaped" impact on the firms' optimal capacity transfer price, whereas more capacity should promote the firms to commit to a lower capacity transfer price.
Next we compare the equilibrium outcome under ex ante contracting with that in the benchmark case. It is evident that the equilibrium profit under the ex ante contracting scheme is higher than that without capacity sharing, i.e., Π a ≡ Π(λ * ) > Π o . It is without much surprise that capacity sharing can improve firm profitability. It can also be readily verified that capacity sharing can soften price competition, i.e., L a > L o . Intuitively, the prospect of lending excessive capacity to the competitor mitigates the firms' incentive to compete for the switchers.
We perform comparative statics analysis to examine the impacts on the benefit of capacity sharing. This can allow us to figure out conditions under which the firms should engage in capacity sharing, particularly when doing so involves some fixed costs.
Proposition 4
The benefit of capacity sharing through ex ante contracting, Π a − Π o , first increases and then decreases in α, and decreases in k.
This proposition reveals how the improvement in firm profitability over the benchmark may change with the size of loyal buyers and with the firms' endowed capacity, respectively. It shows that the impact of the number of loyal buyers on the benefit of capacity sharing is non-monotonic and displays an "inverted-U" shape, whereas that of increasing the capacity is negative. The benefit of capacity sharing, Π a −Π o = λ * w, is driven by the number of the rationed loyal buyers. Recall that the size of the rationed loyals is given by w = α(1 − k/(1 − α)). A higher α increases the base size of the loyal buyers, and decreases the number of switchers and hence reduces the rationing probability. As a result of the interplay of these two forces, a higher α first increases and then decreases the benefit of capacity sharing. In contrast, an increase in k unambiguously leads to a lower rationing probability and thus decreases the extent to which capacity sharing improves profitability.
As demonstrated in Figure 1 , when the size of loyal buyers becomes overly small or overly large, or when the firms' capacity is sufficiently large, the benefit of capacity sharing may vanish to zero. This implies that, if the firms need to incur some fixed costs to engage in capacity sharing (e.g., costs of bargaining, contracting, capacity transshipment, etc.), they will do so only if the loyal buyers are neither too few nor too many, or only if their capacity is not too much.
Ex Post Contracting
Recall that the sequence of moves under the ex post contracting scheme is presented in Table 2 . The firms determine whether and how to trade excessive capacity, after they engage in price competition and figure out the need for capacity sharing. We will first study the firms' ex post incentive for capacity sharing in the second stage of the game, conditional on the outcome of price competition. We will then examine how the firms may compete in the first stage, taking into account the impact on the prospect of ex post capacity sharing.
Stage 2: Contracting Over Capacity Transfer Price
Let p h and p l be the firms' first-stage prices, where p h > p l . Similar to Section 3.2, the firms will trade w units of capacity if and only if the capacity transfer price λ is not higher than the lower price between the firms, p l . As a result, if it is the higher-priced firm to make a take-it-or-leave-it offer, λ = p l will be asked. Conversely, if the lower-priced firm makes the proposal, λ = 0 will be offered. In each case, the proposed offer will be accepted by the rival firm. Therefore, the firms would reach an expected transfer price that is equal to p l /2. Thus the higher-priced firm's expected profit in the second stage would be π h = p h (α + s) + p l w/2, and that of the lower-priced firm would be π l = p l k + p l w/2, respectively. The firms equally share the revenue of capacity sharing.
Stage 1: Price Competition
We analyze how the firms may set their prices, in anticipation of the expected outcome of capacity sharing in Stage 2. To characterize the unique equilibrium in price competition, note that a firm's expected profit of charging p is
where the two terms in the right-hand side are the anticipated profits when the firm is the ex post capacity lender or the borrower, respectively. We can then solve for the equilibrium pricing strategy by applying the conditions for the mixed-strategy equilibrium: π (p) = 0 and F (r) = 1. This yields the equilibrium price distribution F (p) = The properties of this equilibrium outcome are similar to those under ex ante contracting. For example, the firms' equilibrium profit is higher than that without capacity sharing, i.e., Π p > Π o . We can numerically demonstrate that the equilibrium profit Π p first decreases and then increases in α, and always decreases in k. Moreover, the impacts of α and k on the benefit of capacity sharing, Π p − Π o , are qualitatively similar to those presented in Proposition 4. Therefore, these insights on capacity sharing are robust to alternative timing of contracting over the capacity transfer price.
Ex Ante versus Ex Post Contracting
We now compare the ex ante and the ex post contracting schemes. The central question we address is when the firms should contract over their capacity transfer price.
if and only if α is greater than some threshold α ∈ (0, 1/2). This proposition presents conditions under which the firms should adopt one of the contracting schemes over the other. When the firms' endowed capacity is sufficiently small, they should unambiguously choose the ex ante contracting scheme and commit to their capacity transfer price before they compete in the product market. However, when the firms have sufficient supply of capacity, they should pre-determine the capacity sharing price only if the market has a sufficiently large number of loyal buyers; they should instead maintain the flexibility to ex post determine the capacity sharing price if the level of buyer loyalty is not too high. Figure 2 (a) illustrates how the market parameters k and α may influence which contracting scheme should lead to a higher equilibrium profit.
To understand these results, note that, under either contracting scheme, a firm's equilibrium profit is equal to its expected payoff when it charges the highest possible price r and ensures to be the capacity lender for the other firm. Note also that capacity sharing always takes place in equilibrium under either contracting scheme. This implies that the difference in the equilibrium profits hinges on the difference in the ex ante expected capacity transfer prices. Under ex ante contracting, the firms commit to the capacity transfer price λ that will not vary with the firms' prices. When the capacity sharing price is ex post agreed, it is expected to be equal to half of the lower of the firms' product prices. This gives rise to differential impacts on the firms' ex ante gain from capacity sharing. In particular, the firms can utilize the pre-determined capacity sharing price to directly influence the subsequent competition. If the capacity transfer price is not too high, an increasing λ can mitigate market competition and push up the lower bound of price support. However, an overly high capacity sharing price can decrease the probability of ex post capacity sharing, making market competition more intense. Thus the equilibrium capacity transfer price is equal to the equilibrium lowest price L a . This commitment effect is absent under the ex post contracting scheme. As a result, the equilibrium capacity transfer price (and the equilibrium level of market competition) under ex ante contracting is more sensitive to the market parameters than under ex post contracting. Figure 2 (b) , the lower bound of price support under ex ante contracting is higher than that under ex post contracting when k is sufficiently low or when α is sufficiently high. This is driven by the commitment effect discussed above. When k converges to 1/2 and the product market is least competitive, a high capacity transfer price can be committed without worrying much about reducing the chance of capacity sharing. The firms' incentive to cut product prices can then be mitigated more under the ex ante contracting scheme, i.e., L a > L p . In contrast, when k converges to 1−α and the market becomes sufficiently competitive, the firms have to commit to a sufficiently low capacity sharing price to maximize the probability of capacity sharing. The equilibrium lower bound of price support can then be lower than that under ex post contracting, unless the size of loyal buyers is large enough such that the market is not overly competitive.
As demonstrated in
Therefore, the firms are less aggressive in price competition under ex ante contracting than under ex post contracting if the market is sufficiently uncompetitive, but the reverse would be true in a sufficiently competitive market. This explains why the firms' equilibrium profit under ex ante contracting is higher than that under ex post contracting when the market is not very competitive (i.e., k is sufficiently low or α is high enough).
As shown in Figure 2 , there exist scenarios under which, even though the lower bound of price support is higher under ex ante contracting, the equilibrium profit under ex post contracting is higher. This is due to the flexibility in modifying the capacity transfer price under ex post contracting. In contrast to the ex ante contracting scheme, the capacity transfer price under ex post contracting can be adjusted upward if the firms turn out to charge high product prices. Therefore, if ex ante contracting does not sufficiently soften competition (i.e., L a is not too high relative to L p ), the ex ante expected capacity transfer price can actually be higher under ex post contracting. This is a favorable force for the equilibrium profit under the ex post contracting scheme.
Asymmetric Capacity
In this section we investigate the alternative scenario of asymmetric capacity, in which firm A is not constrained in supplying its potential demand (i.e., a total size of 1 − α), whereas firm B has limited capacity k ∈ (1/2, 1 − α). All other assumptions under symmetric capacity are maintained. As a result, the transfer of capacity can only be unilateral from firm A to firm B, and capacity sharing is relevant only when firm B is the firm with relatively lower price than firm A.
No Capacity Sharing
The equilibrium structure is similar to that for the asymmetric setup considered in Narasimhan (1988) . In particular, the only equilibrium is in mixed strategy, and the equilibrium price support for both firms is between r and some lower bound L. Nevertheless, there is a mass point at r for the firm that is less price aggressive relative to the competitor.
To determine the equilibrium price support, let us consider the firms' incentives to cut price to compete for the switchers. Firm A can guarantee a profit of r(α + s) by setting its price equal to r, whereas its maximum demand, by charging a lower price than firm B, is 1 − α. Thus firm A will never set a price lower than r(α+s) 1−α . In contrast, firm B's ensured profit is equal to rα, and the maximum sales it can seize can only be k units. This means that it is dominated for firm B to charge a price lower than rα/k. Therefore, the equilibrium lower bound of price support for both firms is L o = max r(α+s) 1−α , rα/k , because in equilibrium no firm wants to charge a price strictly lower than the competitor with probability one.
The firms' equilibrium payoffs are given by Π Ao = L o (1 − α) and Π Bo = L o k. The firm that is more aggressive in price cut can earn an equilibrium profit that is higher than what can be gained from its "guaranteed demand" by charging the highest possible price r (i.e., α + s for firm A and α for firm B, respectively).
Lemma 1
In the benchmark case without capacity sharing under asymmetric capacity: (i) When
When firm B's capacity is sufficiently small (or α is high enough), its incentive for price cut would be lower than that of firm A. The equilibrium lower bound of price support is then given by L o = rα/k, and firm A earns an equilibrium profit higher than its guaranteed payoff. However, when firm B has enough capacity (or α is low enough), it would become more aggressive than firm A. This would lead to L o = r(α+s) 1−α , and firm B's equilibrium payoff is higher than that from its ensured demand. In other words, the pricing incentive of the less aggressive firm determines the firms' common price support, whereas the more aggressive firm enjoys a pricing advantage over the rival. Intuitively, the equilibrium lower bound of price support increases in α and decreases in k.
Similar to the symmetric capacity scenario, firm A's equilibrium profit Π Ao first decreases and then increases in α, and decreases in k. In contrast, firm B's equilibrium profit Π Bo unambiguously increases in α, but can first increase and then decrease in k. Therefore, an increase in α has qualitatively different impacts on the firms' equilibrium profits here. This is because, as in the case of symmetric capacity, firm A can enjoy the demand from the rationed switchers when the rival is capacity constrained. This demand switching effect does not apply to firm B because firm A does not have the problem of capacity constraint. This asymmetry is also the driving force for the differential impacts of k on the firms' equilibrium profits. From firm A's perspective, a higher k implies that the competitor not only becomes more price aggressive but also has less rationed switchers. However, although an increase in firm B's capacity k makes firm A more aggressive in price competition by reducing the size of the rationed switchers, it can improve firm B's ability to satisfy its demand. The second effect is particularly relevant when firm B is more aggressive than firm A and hence is more likely to win the demand of the switchers. These two effects can interact with each other to yield the "inverted-U" impact on firm B's equilibrium profit.
Ex Ante Contracting
We start with solving for the firms' equilibrium pricing strategies in the second stage, conditional on the capacity transfer price λ. This would allow us to derive the firms' subgame-perfect equilibrium profits, Π A (λ) and Π B (λ). Similar to the scenario of symmetric capacity, there are two possible cases, depending on whether the capacity transfer price, λ, is lower or higher than the equilibrium lower bound of price support L. Consider first the case L ≥ λ. The firms' expected profits of setting price p are, respectively,
Firm A shares its capacity with firm B only when firm A charges a higher product price than firm B does. The equilibrium can be solved by applying the following conditions:
Consider then the alternative case L ≤ λ. A firm's expected profit depends on whether its charged price is lower or higher than the capacity transfer price. If the product price is p ≤ λ,
If the product price is p ≥ λ,
Similarly, we can solve for the equilibrium by applying the following conditions: , rα/k,
Similar to the symmetric capacity scenario, firm A's equilibrium profit first increases and then decreases in the capacity transfer price. This is also driven by a higher λ increasing the revenue, but decreasing the likelihood, of capacity lending. In comparison, firm B, the capacity borrower, is always hurt by an increasing capacity transfer price.
Recall that, under symmetric capacity, capacity sharing always softens market competition and improves the firms' profitability for any capacity transfer price. Does this intuitive result still hold under asymmetric capacity?
Proposition 7 Under asymmetric capacity, firm A's equilibrium profit under the ex ante contracting scheme (i.e., Π A (λ)) is lower than that without capacity sharing (i.e., Π Ao ), if and only if 1/2 < k < min
, 1 − α and λ is sufficiently low.
Interestingly, this proposition suggests that capacity sharing under the ex ante contracting scheme can be harmful to firm A's profitability. There are two conditions for this surprising result to arise. The first condition is that firm B's capacity is sufficiently small (or the size of loyal buyers is large). This ensures that, as shown in Lemma 1, without capacity sharing firm B is less aggressive in price competition than firm A is and thus firm A can seize the demand from the switchers without overly cutting its price. This relative pricing advantage implies that firm A can make a higher profit than its guaranteed payoff r(α + s). However, capacity sharing increases firm A's expected payoff of maintaining high prices without enhancing its payoff of undercutting the competitor. In contrast, price cut becomes relatively more attractive to firm B because the increasing demand can be satisfied by borrowed capacity. Firm B would become more aggressive than firm A, and firm A would then lose its relative pricing advantage it enjoys in the case without capacity sharing. As a result, if this strategic effect is strong enough while the main effect of increasing the capacity transfer price is limited (i.e., λ is sufficiently low), capacity sharing can intensify competition and firm A would be worse off under the ex ante contracting scheme.
This surprising result stands in contrast to that under symmetric capacity. Both firms are always the same aggressive in price competition in the symmetric scenario, i.e., no firm has a higher incentive for price cut than the competitor does. Similarly, either firm can be the capacity lender or the borrower in the symmetric case, and capacity sharing does not change the symmetry in the firms' pricing aggressiveness. Therefore, capacity sharing can exert only the main effect of matching excessive supply with unserved demand, and thus can unambiguously soften competition for both firms. It is only when the firms are asymmetric in their incentives for price cut that capacity sharing may exert the strategic influence of reversing the relative aggressiveness between the firms. Nevertheless, note that firm B cannot be hurt by capacity sharing. Because capacity sharing is unilateral and can arise only if firm B charges a lower product price than firm A does, it can make the capacity lender less aggressive and the borrower more aggressive, but not vice versa. As a result, firm B can gain, but cannot lose, its relative pricing advantage over firm A.
This result suggests that firms should be cautious in setting their capacity transfer price. This is also a critical issue for scrutiny when the capacity transfer price is determined exogenously or by a third party. For example, in some regulated industry (e.g., telecommunication), the infrastructure sharing price between an incumbent with large capacity and an entrant with limited capacity is determined by the government. Our analysis above shows that the high-capacity incumbent may be hurt by capacity sharing arrangements if the capacity sharing price is too low.
We now determine the equilibrium capacity transfer price in the first stage of the game. When firm A is to make the offer, it is desirable to increase the capacity transfer price while maximizing the probability of capacity sharing. Note also that, for any λ ∈ (0, r), firm B is weakly better off than in the case of no capacity sharing. This means that firm A will optimally set λ = r(α+s) 1−α−w , which will be accepted by firm B. It can be shown that firm A's optimal offer increases in α and decreases in k. Alternatively, when firm B gets the opportunity to make the proposal, it will offer the lowest possible capacity transfer price at which firm A is indifferent between acceptance and rejection, because firm B's profit Π B (λ) decreases in λ. As a result, if 1/2 < k < min
. However, if max 1/2,
< k < 1 − α, firm B will be able to set λ = 0.
In other words, the optimal offer for firm B can be represented as λ = max
, 0 .
Ex Post Contracting
The firms may engage in capacity sharing if and only if firm B charges a lower product price than firm A does. As a result, if p A ≤ p B , the firms' profits are π A = p A (1 − α) and π B = p B α. If p A ≥ p B , firm A will offer a capacity transfer price that is equal to λ = p B , whereas firm B will propose λ = 0. In anticipation of this, the firms' expected profits of setting price p in the first stage are, respectively,
Similarly, we can apply the following conditions to solve for the equilibrium: , and the firms' equilib-
The two components in L p reflect firm A's and firm B's incentive to undercut the competitor, respectively. In comparison to the case without capacity sharing, firm A has a higher incentive to be the higher-priced firm, and thus the lowest price it is willing to charge becomes higher. In contrast, due to the gain from capacity sharing, now the payoff of charging a lower price than the rival is higher for firm B. In other words, the ex post contracting scheme makes firm A less aggressive and firm B more aggressive. Then what is the payoff implication of this differential change in the firms' pricing aggressiveness? Proposition 9 Under asymmetric capacity, firm A's equilibrium profit under the ex post contracting scheme, Π Ap , can be lower than that without capacity sharing, Π Ao .
Interestingly, this proposition shows that firm A's equilibrium profit can actually be hurt by capacity sharing under the ex post contracting scheme. That is, even though lending excessive capacity to the competitor is ex post beneficial, it may reduce firm A's ex ante profitability. In the Appendix we present conditions for this counter-intuitive result to happen. As the proof implies, one necessary condition is that firm A is more aggressive than firm B in the case without capacity sharing and that the reverse is true under the ex post contracting scheme. It is only when the relative pricing aggressiveness between the firms can be reversed that price competition can be intensified. Moreover, for the equilibrium lower bound of price support (and hence firm A's equilibrium payoff) to be lowered, it must be the case that firm B has a less compelling incentive for price cut in the case without capacity sharing than firm A does under the ex post contracting scheme. This may arise in the parameter range under which, as Figure 3 (a) demonstrates, α is sufficiently high. In contrast, firm B always benefits from capacity sharing. Intuitively, this is because the reversal in the firms' aggressiveness is only in one way but not the other. In other words, by becoming relatively more aggressive in price cut, a firm may hurt the rival but cannot hurt itself.
This differential impact of capacity sharing on the firms' pricing aggressiveness arises in the ex ante contracting scheme as well. It is also the driving force there for the result in Proposition 7 that capacity sharing can be harmful for firm A if the capacity transfer price is too low. However, when the firms can ex ante determine the capacity transfer price, no firm will accept an offer that makes it worse off than the outside option of no capacity sharing. This means that, under the equilibrium capacity transfer price, the harmful impact of capacity sharing can be shunned (i.e., Π Aa > Π Ao ). Nevertheless, Proposition 9 suggests that, when the firms cannot commit to the capacity sharing price, the firm with excessive capacity may be hurt. Figure 3 presents the comparison of firm A's equilibrium profits. Recall that the ex ante contracting scheme always leads to a higher equilibrium profit than that without capacity sharing, whereas firm A may be worse off under ex post contracting than under no capacity sharing. Similar to the symmetric capacity case, firm A's preference for ex ante versus ex post contracting is determined by the difference in the ex ante expected capacity transfer prices. This is because in equilibrium capacity sharing always takes place under either contracting scheme. Similar forces also influence the difference in the ex ante expected capacity transfer prices. In particular, firm A desires to commit to the highest possible capacity transfer price that maximizes the chance of capacity sharing, whereas the capacity transfer price under ex post contracting is set conditional on the product prices. Therefore, firm A's optimal capacity sharing price under ex ante contracting is more sensitive to the market parameters than the expected capacity sharing price under ex post contracting. As a result, similar to Figure 2 (a) , firm A is more likely to prefer to ex ante determine the capacity transfer price when the market is relatively less competitive (e.g., α is sufficiently high).
Ex Ante Versus Ex Post Contracting
There are, however, some notable differences from the symmetric case. First, asymmetric capacity may change the firms' preferences for the capacity transfer price under ex ante contracting but not under ex post contracting. Note that, when the firms are symmetric, both of them can be the capacity borrower as well as the lender. Because at the time of pre-competition contracting the firms do not know yet which firm will be the borrower or the lender, they share the same preference to maintain the committed capacity transfer price. This differs from the asymmetric case, in which the role of the firms in capacity sharing is pre-determined and firm B can only be the capacity borrower but can never be the lender. This means that, firm B prefers to minimize the capacity sharing price as much as possible under the ex ante contracting scheme. Nevertheless, asymmetric capacity does not make this difference under ex post contracting. At the time the firms determine the capacity transfer price after the product prices are set, under either symmetric or asymmetric capacity, they know which firm is the seller or the buyer of excessive capacity. In other words, it is only under ex ante contracting, but not under ex post contracting, that asymmetric capacity can modify the firms' knowledge about their relative role in capacity sharing. This then constitutes a negative force to drive down the expected capacity transfer price under ex ante contracting relative to that under the ex post contracting scheme.
The second difference is that firm A has more capacity under the asymmetric capacity scenario. In comparison to the symmetric case, a higher capacity makes firm A more aggressive in price cut. This also increases firm B's aggressiveness, because it can sell only to its loyal buyers (i.e., no rationed switchers for firm A) if it charges a higher price than the rival. As a result, both firms are more aggressive under asymmetric capacity. Nevertheless, the increasing competitiveness has a stronger impact on ex ante contracting than on the ex post contracting scheme. This is, again, because the equilibrium capacity transfer price and the lower bound of price support under ex ante contracting are more responsive to changes in the competitiveness of the market.
Because of these two differences, firm A may have an increasing preference for the ex post contracting scheme. This can explain why, as the comparison between Figure 2 (a) and Figure 3 (b) shows, the parameter range under which firm A prefers ex post contracting is wider in the asymmetric case than under symmetric capacity. For example, when k converges to 1/2, ex ante contracting is always preferred for any α in Figure 2 (a) , but ex post contracting may lead to a higher equilibrium payoff for small α in Figure 3 (b) .
In contrast, firm B always earns a larger equilibrium profit under the ex post contracting scheme than under the ex ante contracting scheme (i.e., Π Bp > Π Ba ). This can be explained by the more intense market competition under asymmetric capacity as well, which has a stronger impact on ex ante contracting. This result also suggests that the firms may have conflicting preferences for the timing of contracting over the capacity transfer price. Even though the capacity lender may prefer to pre-determine the capacity transfer price, the borrower may desire to postpone it until the market competition is cleared. The competing firms would need to be more cautious in aligning their interests about when they should engage in the determination of the capacity sharing price.
Concluding Remarks

Welfare Analysis
Collaborations among competitors, especially those that engage in agreements, are standard cases for Antitrust investigation. The general guideline is to gauge competitive collaborations under the rule of reason to determine the competitive and welfare implications. Therefore, a welfare analysis of competitive capacity sharing is useful to address legal issues that may potentially arise.
Our focus in this research is on the efficiency-improving role of capacity sharing. When capacity can be shared between competing firms, industry resources can be more efficiently allocated by matching excessive supply with unmet demand. In particular, stockout may lead some loyal buyers to be rationed and to leave the market without purchase, which would not arise if capacity sharing is feasible. As a result, in our setup capacity sharing is always socially beneficial. For example, in the symmetric capacity scenario, capacity sharing can increase social welfare from r(1 − w) to r.
However, capacity sharing may not always increase buyer surplus. This is because capacity sharing may mitigate price competition and thus increase firm profitability. Consider first the symmetric capacity scenario. Recall that, without capacity sharing, each firm's equilibrium profit is r(α + s). Under the ex ante contracting scheme, this is increased to r(α + s) + λ * w, resulting in a change in buyer surplus by rw − 2λ * w, where λ * = r(α+s) k−w . It can be readily verified that buyer surplus is improved under the ex ante contracting scheme if and only if the firms' endowed capacity k is sufficiently high. Intuitively, as shown in Proposition 3, if k is low enough and hence the market is not very competitive, the firms would be able to commit to a sufficiently high capacity transfer price λ * . The firms' gain from capacity sharing would then exceed that of social welfare, thus leading to a lower buyer surplus. In contrast, under the ex post contracting scheme, even if k is very low, the expected capacity sharing price would not be overly high. We can numerically verify that, in this case buyer surplus is always greater than that without capacity sharing.
The impact of capacity sharing on buyer surplus is less unambiguous under the asymmetric capacity scenario. On one hand, the improvement in social welfare is lower than that under symmetric capacity. This is because now only the loyal buyers of firm B, but not those of firm A, may be rationed by stockout. On the other hand, as shown in Propositions 7 and 9, capacity sharing between asymmetric firms may intensify price competition and hurt the profitability of the firm with excessive capacity (i.e., firm A). Nevertheless, we can perform numerical analysis to show that, under either contracting scheme, capacity sharing can improve buyer surplus unless the number of loyal buyers is intermediate and the endowed capacity k is sufficiently low.
Summary and Future Research
Cooperation between competitors through capacity/inventory sharing is a prevalent phenomenon in many retail and manufacturing settings. However, the interaction between competition and capacity sharing is not well understood in the existing literature. In this paper we fill this gap by investigating capacity trade between two firms that engage in price competition. We examine optimal strategies and firm profitability of competitive capacity sharing under two alternative schemes, depending on whether the firms agree over the price of capacity sharing before or after product price setting. Our analysis yields some interesting results with substantial practical relevance.
When the firms have symmetric capacity, they share the same preference to commit to a capacity sharing price that is high enough while maximizing the likelihood of sharing. This means that the optimal capacity transfer price should take into account the influence on subsequent competition, and be equal to the lowest possible product price the firms anticipate to charge in equilibrium. We confirm that capacity sharing can indeed soften competition and lead to higher equilibrium profit under either contracting scheme. We also find that ex ante contracting leads to equilibrium outcomes that are more responsive to changes in market parameters, and thus tends to be more appealing than ex post contracting in less competitive markets (e.g., less capacity or higher buyer loyalty). Nevertheless, both the optimal sharing price and the equilibrium profit can be non-monotonically influenced by the number of loyal buyers.
Our analysis reveals that these insights on competitive capacity sharing can be altered by asymmetric capacity. It is not surprising that firms with different capacity may have differential incentives about what capacity sharing price to commit. However, despite the gain from improving capacity efficiency, capacity sharing can counter-intuitively intensify equilibrium competition and hurt the profitability of the firm without capacity constraint. This surprising result arises when capacity sharing reverses the relative pricing aggressiveness between the firms and makes the less competitive firm under no capacity sharing more competitive.
An important feature of our current model is that a firm's role in capacity sharing is endogenously determined by price competition. That is, depending on the relative prices between the competitors, a firm may become either the capacity borrower or the capacity lender. Nevertheless, the prospect of capacity sharing is certain in the sense that, conditional on the outcome of price competition, it is common knowledge which firm will be in stockout and which firm has excess capacity to lend. If demand is stochastic instead, there would exist (extra) uncertainty about the firms' roles in capacity sharing. That is, a firm charging relatively lower product price may not necessarily be short of capacity, and conversely, a firm with relatively higher price may not have excess capacity. Considering this extension can definitely make the model more realistic and expand the scope of research issues, while we believe that the main insights derived in current research would continue to hold.
We consider exogenous search behavior for the switchers in the case of stockout. That is, we assume that once the switchers are rationed and the inventory is not furnished immediately, they will turn to the competitor to make the purchase. This would be a reasonable assumption if the rationed switchers are unaware or ignorant of the prospect of capacity sharing between the competing firms. Nevertheless, in scenarios when capacity sharing between competitors is prevalent, rationed buyers may strategically decide whether and when to search for alternative firms. This endogenous search behavior may then influence the firms' optimal timing for the sharing of capacity. We leave this interesting but challenging problem for future research.
There are several extensions that can be investigated in future research. One interesting issue is regarding the role of firm differentiation in strategic capacity sharing. It is assumed in the current paper that the product transferred from the competitor has the same value as own product. New insights may arise if this assumption is relaxed and the firms are horizontally or vertically differentiated such that the bought capacity involves differential utility for the buyers.
Future research can investigate other aspects of capacity sharing that have not been addressed in the current paper. For example, firms can negotiate and commit to not only the price, but also the volume, of capacity sharing. It may also be interesting to consider non-linear contracts such as twopart tariff. Another interesting extension is to endogenize the timing of bargaining (Guo and Iyer 2013) . For example, the outside option of breakdown for ex ante contracting is not the no-sharing case, but the ex post contracting case. Finally, future studies can consider virtual capacity sharing without the actual transfer of property rights. That is, firms can pool their capacity together that can be used to satisfy any participating firm's demand. This is particularly relevant for service industries (e.g., airlines) in which orders can be taken through advance reservation.
Taking the first order derivative with respect to p yields The firms' equilibrium profit in this case is Π(λ) = r(α + s) + λw. It is straightforward that
(ii) Consider then the alternative case L ≤ λ. The firms' profit by setting the price p ≥ λ is:
Taking the first order derivative with respect to p yields π (p) = [F 2 (p) + pf 2 (p)] (α + s − w − k) + 2λwf 2 (p) + w + k = 0. Solving this differential equation by using the boundary condition F 2 (r) = 1 leads to F 2 (p) = r(α+s)+2λw−(w+k)p 2λw+(α+s−w−k)p .
The firms' profit by setting the price p ≤ λ is:
Taking the first order derivative of π(p) with respect to p leads to [F 1 (p) + pf 1 (p)] (α+s−k)+k = 0. Solving this differential equation by using the boundary condition F 1 (λ) = F 2 (λ) leads to
We impose the condition , which is decreasing in λ; ifλ ≤ λ ≤ r, the equilibrium lower bound of price support is L a = rα/k. − 2α, which goes to 1/2 as α converges to 0, and goes to 0 as α converges to 1/2. The derivative of ∆| k=1/2 with respect to α, as α converges to 1/2, is positive. It can be verified that the second order derivative of ∆| k=1/2 with respect to α is positive. Therefore, when k → 1/2, ∆ < 0 if and only if α is sufficiently high.
Note that
Alternatively, evaluating ∆ at k = 1 − α leads to ∆| k=1−α = 0. Taking the derivative of ∆ with respect to k and evaluating it at k = 1 − α leads to 
